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In this contribution we propose a systematic approach to field reconstruction of
distributed process systems from a limited and usually reduced number of measurements.
The method exploits the time scale separation property of dissipative processes and
concepts derived from principal angles between subspaces, to optimally placing a given
number of sensors in the spatial domain. Basic ingredients of the approach include the
identification of a low-dimensional subspace capturing most of the relevant dynamic
features of the distributed system, and the solution of a max—min optimization problem
through a guided search technique. The low-dimensional subspace can be defined either
through a spectral basis (eigenfunctions of a linear or linearized part of the operator) or
through a semiempirical expansion known in the engineering literature as the Proper
Orthogonal Decomposition (POD) or Karhunen—Loeve expansion. For both cases, the
optimal sensor placement problem will be solved by taking advantage of the underlying
algebraic structure of the low-dimensional subspace. The implications of this approach
for dynamic observer design will be discussed together with examples illustrating the
proposed methodology. © 2004 American Institute of Chemical Engineers AIChE J, 50:
1438-1452, 2004
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Introduction

The operation and control of distributed process systems is
often constrained by the cost and type of available sensors. In
flow control, for instance, the fluid velocity field is available
through only a limited number of fluid velocity sensors posi-
tioned at particular locations. In the case of chemical reactors,
the measurement of chemical species concentrations is usually
obtained by a small number of costly and slow chemical
detectors. To guarantee reliable information for the control of

Correspondence concerning this article should be addressed to A. A. Antonio at
antonio @iim.csic.es.

© 2004 American Institute of Chemical Engineers

1438

July 2004 Vol. 50, No. 7

such systems, efficient estimation schemes of the unobserved
states, taking full advantage of the available information, are
required. In this context, efficiency should be understood in the
sense of finding a small number of measurements that will
provide a good estimation of the entire field of interest.

Early approaches to field reconstruction in distributed pro-
cess systems exploited results from dynamic linear systems
theory to develop optimal state space observers through spa-
tially discretized models of the system equations, such as finite
differences or finite element methods (Alvarez et al., 1981;
Harris et al., 1980; Kumar and Seinfeld, 1978; Windes et al.,
1989). First, the original infinite dimensional system was ap-
proximated by a large number of ordinary differential equa-
tions describing the evolution of the relevant variables on a grid
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of space positions. Estimation was then performed by mini-
mizing a certain functional of the error between measurements
at the proposed sensor locations and predictions obtained by
the approximation at these positions. Sensors were placed so as
to maintain the covariance matrix associated with the measure-
ments well conditioned. Different criteria were used to that
purpose, such as maximizing the trace or the covariance matrix
determinant over a set of candidate locations. However, the
search was done on a semiempirical basis without any general
systematic method. Recent interesting alternatives include the
maximization of measurement independence (Vande Wouw-
eret al., 2000) or selection procedures guided by appropriate
observability measures (van der Berget al., 2000). These alter-
natives, however, have been applied only to linear systems
and/or to a small number of sensors.

Although the need for systematic methods for sensor
placement was soon recognized (see, for example, Keller
and Bonvin, 1992 and the review by Kubrusly and Mal-
ebranche, 1985), most techniques relied on an exhaustive
search over a predefined set of candidate positions. This
approach, although practical for a small number of degrees
of freedom, proved to be unsuitable for systems requiring a
high dimensional representation, such as in flow reconstruc-
tion (see, for example, Podvin and Lumley, 1998). Excep-
tions include a large-scale sequential measurement selection
technique that, although suboptimal, was successfully ap-
plied in modal identification of large space structures (Ka-
mmer, 1991). Recently, Antoniades and Christofides
(2001a) provided an elegant solution to the sensor place-
ment problem through standard unconstrained optimization,
by taking advantage of the time scale separation properties
of reaction—diffusion systems under geometric control. The
method is restricted, however, to a number of sensors equal
to the dimension of the slow dynamics, and requires the
system to be under a preestablished control scheme. More
general situations, however, would demand sensor place-
ment not to depend on a predetermined control structure, nor
on a particular dynamic model because this could be poorly
understood or unavailable. Under those circumstances, we
propose a methodology that requires only the knowledge of
a low-dimensional subspace capturing the most relevant
features of the distributed process system state. Given this
set (in our case, a hyperplane), the optimal sensor placement
will be computed as that which minimizes the maximum
angle between the low-dimensional hyperplane and the sub-
space of measurements (also a hyperplane), thus minimizing
the error of the estimates. We also show that if a dynamic
model of the process is available, the sensor arrangement
obtained from the optimization of this criterion will also
result in fast convergence dynamic observation schemes.

The structure of the low-dimensional subspaces (hyper-
planes), and their relations with distributed process systems are
described. The estimation approach is presented. We concen-
trate on the measurements selection problem (number of sen-
sors and positions) and propose an algorithm to compute the
optimal placement of a given number of sensors. Finally, the
approach we suggest will be illustrated through two case stud-
ies involving linear diffusion and nonlinear reaction—diffusion
systems.
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Low-Dimensional Approximations of Distributed
Process Systems

Let us consider the following quasi-linear partial differential
equation

u, = L) + o(u) (D

where £(-) denotes a general linear parabolic operator defined
on a (possibly 3-dimensional) spatial domain D with smooth
boundary B and o(u) is a nonlinear function of u. The solution
u(x, t) in Eq. 1, with appropriate initial and boundary condi-
tions, will be referred to as the field with x = (x;, x,, x3)"
denoting spatial coordinates. Equation 1 can be interpreted as
an infinite dimensional system on a Hilbert space equipped
with inner product and norm

(. g>=jf(X)g(X)dx 1AL = <. 1)

The solution of Eq. 1 can be represented in terms of an infinite
series expansion of the form

0

u(x, t) = E ci(H)e(x)

J=1

In this expression, the coefficients c; are functions of time,
whereas the set of basis functions {¢;(x) }j;l = 1 contain the
spatial dependency of the solution. Each element of this set can
also be considered as the solution of the following integral
equation

¢/(x) = m, f I (x, ') x)dx' o)
D

where ; is a parameter (eigenvalue) associated with each basis
function ¢;. Under the orthonormality condition {(¢;, ¢;) = 8;;,
and depending on the nature of the kernel J(x, x"), two differ-
ent sets will be considered:

(1) The spectral basis, derived from a kernel K constructed
as the Green’s function associated with the spatial operator
%(-) (Courant and Hilbert, 1937). Each element of the set is
called an eigenfunction and p;, its corresponding eigenvalue.

(2) The POD (Proper Orthogonal Decomposition) basis
(Holmes et al., 1996), derived from the two-point correlation
kernel

€

1
Hix, x') = 7 2 u(x, tju(x', t;) 3)

i=1

where u(x, t;,) is the value of the field at each instant ¢, (snap-
shot), and the summation extends over a sufficiently large
collection of snapshots i = 1, ..., €, which will be assumed
representative of the dynamic behavior of the process. As it
will become clear later on, the ordered structure of the ei-
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genspectrum { u;};2, associated with this basis set will guide
(for the case of low-dimensional dynamics) the selection of a
finite low-dimensional basis {qu(x)}_j-‘zl, which will capture
the most relevant features of the solution. These features are
then recovered by either projecting its solution at a given time
or its defining Eq. 1 on the low-dimensional basis. In the static
version, the solution is approximated as

=2 (u, ¢)oix) “

In the dynamic version, Eq. 1 is projected on each element ¢;,
so that

(u, = £(u) — o(u), ¢) =0
results in a set of ordinary differential equations of the form
c,=Ac + f(c)

i= [‘Plv L] @k]c (5)
Note that the dimension of the state ¢ in Eq. 5 coincides with
the dimension of the low-dimensional basis, whereas A and
f(c) correspond to the projection of the spatial operator and
nonlinear terms o(u), respectively, on the selected basis. Once
Egs. 4 and 5 are available, standard results from state estima-
tion theory can be used to reconstruct the infinite dimensional
field from a given set of measurements. However, obvious
questions remain, such as how many dimensions are required
for the low-dimensional description to fairly reproduce the
solution and how many measurements, and at which locations,
are needed to reconstruct the entire field. These questions will
be addressed in the following sections.

Example: proper orthogonal decomposition of a data set

Consider a set of data S, = {uj}_le, obtained either by
experiments or simulation. Each element of the set is an n-
dimensional vector with components corresponding to the
value of the field at particular locations. If several fields are
involved in the description, they will be included in the vector
sequentially. The set S, is assumed to be representative of the
dynamic behavior of the system in the range of initial condi-
tions, parameters, inputs, and/or perturbations of interest
(Shvartsman and Kevrekidis, 1998). Given an integer & (k =< n),
we define the k-dimensional set S, = {(bj};f:l, as the set of k
orthonormal vectors on which the average projection of the
data set S, is maximized (equivalently, the k-set that minimizes
the average distance to the data). Formally, the elements of this
set are computed as

min J(¢;, u)

i

4

1 k
J(¢ja u) = 7 E (ui = wi)(u; — wy) + E )\j(d’jT‘i)j - 1)

i=1 j=1
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where w; represents the projection of the data u; on the span of
the k vectors ¢;

w; = ®c; (6)

where @ is the matrix

d=[d - & (7)

and ¢; € R is a vector of coefficients satisfying ¢; = ®"u;,. The
solution of the previous optimization problem leads to the
following set of equations to be satisfied by each element in S,

Rd)j = )\jd’j ®
1 €
R=7 2 uuf ©)
i=1

The matrix R in Eq. 9 can be considered as the discrete version
of the two-point correlation function (Eq. 3) with w; = 1/A;. In
this way, any element u; of the data set S, can be expressed in
terms of S, as

u; = doc;, + ¢ (10)

where ¢, is an error vector, orthogonal to S, that indicates the
distance at which each data point lies from the low-dimensional
projection plane. The average distance of the data set to S is
computed as

€ 4 k
Di=g 2 di=g 2 uu— 2\ (1n

€ 1 €
2 A= 2 ulu, (12)

so that the eigenvalues A; provide a measure of how close the
data are to the set S,. The nearer k is to €, the smaller the
average distance. By combining Eqs. 11 and 12 we have the
equivalent expression

1/2

4
>\ (13)

i=k+1

Dav:

The selection of the dimension of the low-dimensional set is
usually done by means of some related measures, known as the
fraction of energy captured, or lost by the reduced order de-
scription, and defined respectively, as
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. Ele A; (14)
DEPY
L=1-E (15)

Estimation from Measurements

Let us consider a set of k orthonormal and n-dimensional
vectors S, = {¢,;}%_,, representative of a given system (Eq. 1)
in the sense described in the previous section. In addition, we
define the operator P,, € R™™" as that which projects any
vector v € R" on m of its n coordinates so that v,, = P,v. Then,
if v,, is a vector of measurements, and v an element of the data
set S,, the estimation problem consists of reconstructing the
remaining n — m components of v from the available measure-
ments. A static estimate ¥ can be produced as follows:

(1) Project Eq. 10 onto the subspace of the m coordinates
defined by P,, and denoted as M,, (which we will call the
measurement subspace), so that

9, = P,®¢ + P& (16)

where P,e is the projection of the error associated with the
low-dimensional set on the subspace of measurements.
(2) Find the coefficient vector ¢ in Eq. 16 that minimizes the

distance between the data v,, and the estimates ¥,,. This leads
to the following minimum least-squares problem

é

A collection of efficient numerical solution methods to solve
Eq. 17 can be found in Golub and Van Loan (1983). For the
present discussion, however, it is enough to know that the
solution has the form

é=(00""'0v, (18)
with
Q=P (19)

The estimate ¥ of the unmeasured states is now reconstructed
as

0= P,d¢ = P,®(00") 'Qu, (20)

where P;- denotes the orthogonal complement of the measure-
ment subspace M,,,.

The infinite dimensional state can also be reconstructed at a
dynamic level from measurements v,,, by solving the following
set of differential equations

¢, =A¢ + f(¢) + Q(v,, — Q7¢)

9= d¢ 21
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where ¢ represents the estimates and () is a gain matrix that
determines the (temporal) rate at which the estimate ¢ — c.
Equation 21 consists of a replica of system 5 with an extra term
that, by computing the difference between the measurements
and the state estimates, drives the estimated state ¢ toward the
“true” state c. The following result, adapted to nonlinear sys-
tems of the form of Eq. 5 from a standard theorem on observ-
ability properties of linear systems (Rugh, 1993), relates the
rate of convergence to the minimum eigenvalue associated with
the matrix QQ.

Theorem 1 Let the system
c,=Ac + f(c)

v, = Q'c (22)

be such that: ||A]| = maxy - [|Ax]| = e, [f(c;) = f(e)l = Bliey

— ¢,|| and
AN =00"= A1 (23)

The observer (Eq. 21) with Q = P~'Q, and P being a
symmetric, positive definite matrix satisfying

(A + al)’P + P(A + al) = Q07 (24)

with0 < m < 1and a > a,, + BAJ[(1 — MA,], will make the
states ¢ — ¢ at an exponential rate proportional to MA,.

Proof: See Appendix A.

Remark 1. Note that condition A2 ensures observability of
the states c¢ in system Al, given that the observability Gram-
mian

G= f, c(s)"0Q7c(s)ds

t

is always positive definite, provided that the number of mea-
surements is larger than, or equal to, the dimension of the
reduced order model. In this way, sensor redundancy ensures
state reconstruction independently of the particular structure of
the dynamical system Al. In addition, the selection of those
measurements that maximize the minimum eigenvalue A; will
guarantee fast convergence rates of observers designed accord-
ing to the previous theorem.

Maximum angle between linear subspaces

As shown in the previous Theorem, the quality of the esti-
mation is, to a large extent, conditioned by the eigenvalues of
the matrix QQ”. A geometrical interpretation of the estimation
problem both at a static and dynamic level is illustrated in
Figure 1 on a 3D case. There, v represents the data point to be
estimated from measurements v,, located in M,,. The small
circles represent the error on the estimation induced by the

minimization, its radius being r = |v,, — ¥,,], or equivalently

r= (ETP;Pms)HZ
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Figure 1. Relative positions of the low-dimensional sub-
space S, and the space of measurements M,,,.

v represents a data point lying at a distance d, from the
low-dimensional set and v,,, its projection on the measure-
ment subspace. The data point ¥, reconstructed from measure-
ments, will be on the low-dimensional set S, at a distance d,
(>d,) from the true data. The smaller the angle between both
subspaces, the smaller the distance d,, thus improving recon-
struction accuracy.

Note in the figure the effect that the angle between subspaces
S, and M,, has on the distance d, between the estimate ¥ and the
experimental data v. By construction, d, and d, are related as

d
d=—— (25)

cos 0

where 0, in the figure, is the angle between the measurement
subspace M,, and the low-dimensional set S,. Thus, small
angles (almost parallel subspaces) imply accurate estimation, at
least up to the inherent error e. Large angles, however, will
cause deterioration of the accuracy of the estimation, to the
point of making it completely useless in the extreme case 6§ —
/2. These considerations can be formally extended to general
linear subspaces as follows:

Let us consider two linear subspaces S, = {¢;}*_, and §,, =
{;}iL,, with elements being n-dimensional vectors and two
generic unit length vectors a = ®a, and b = 11, lying on S,
and S, respectively. o € R* and B € R™ are coefficient vectors
satisfying |laJ| = |8 = 1, and ® and II matrices defined as

(I):[d)l"-"d)k]
H=[m, ..., ml

The angle between vectors a and b can be computed from
their scalar product as

cos 0 =a'b =o' ®TIB (26)
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In addition, from the singular value decomposition theorem
(Golub and Van Loan, 1996), we have orthonormal matrices U
and V related as

urov=3x 27)

where Q = ®II. ¥ is a diagonal matrix containing as nonzero
elements the singular values, o;, of Q. Defining u and v, as the
ith row and ith column of U and V, respectively, we have from
Eq. 27 that u’Qv, = o, fori = 1, ..., min(k, m). Comparing
this expression with Eq. 26 (with u; and v; instead of « and S3,
respectively) allows us to interpret singular values in terms of
angles formed by vectors in subspaces S, and S,,, the relation
being given by cos 0, = o;. Moreover, the rows/columns of U
and V constitute a basis for a and (3, respectively, so that the
angles between S, and S,, are bounded as

O min = cos 9 = O max

In our context, S, coincides with the low-dimensional set and
S,, with the (to be determined) measurement subspace M,,.
Accordingly, matrix Q becomes

Q=d'P! (28)

From this perspective, we suggest the use of the maximum
angle between subspaces as a criterion to select the appropriate
measurement subspace, compatible with the constraints (num-
ber of measurements and dimension of the low-dimensional
set). Thus, to improve the quality of the estimation, we choose
to minimize the maximum angle between these subspaces. This
is equivalent to maximizing the minimum singular value asso-
ciated with matrix Q, which in turn implies maximizing the
minimum eigenvalue of QQ” in Egs. 18 and 19 (static estima-
tion) or in Eq. A2 (see Appendix A) for dynamic observer
design. Assuming m k, the optimization problem is stated as
follows

max min o; (29)
Pu i=1k

Because 0(Q) = VA(QQ") (that is, the singular values of
matrix Q are the square root of the eigenvalues of the matrix
00"), we have the following equivalent optimization problem

max min A,(QQ") (30)

Pn =1,k

The Optimal Placement of Sensors

In this section we propose a guided search method that will
approximate the solution of problems 29 and 30. Note that both
equivalent problems could be solved by an exhaustive search
among all possible projections P,,. Although feasible in a few
number of dimensions, this solution approach is unsuitable for
most cases of practical interest. Alternatively, by taking advan-
tage of the underlying structure of Q, we propose a systematic
algorithm to approximate the solution. Before the algorithm is
formally described, we illustrate its main features on a simple
three-dimensional example.
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Motivating example

Consider a set S, of the form

0.5141 0.0490
®=]0.5011 —0.8274 31)
0.6961  0.5595

The problem consists of selecting the best two measurements
from the three possible locations (rows in matrix ®). For this
case, there are three possible subspaces M,, with the following
projections

1 07" 1 01" 0 01"
pi=|0 1 PI=]0 0 Pr=|1 0| @32
00 01 01

In low-dimensional spaces, problem 29 or 30 can be solved in
a straightforward manner by exhaustive enumeration, that is,
constructing all possible combinations ®7P%, for j = 1, 2, and
3, and examining the eigenvalues of the corresponding Q7Q
products (equivalently, the singular values of matrices Q,
which, as shown in the previous section, are related to the
angles between subspaces). For this particular case we have

. (05154 —0.3894
(00"'=1 _03804 0.6870
0.7489 0.4187
i _
(00" —[0.4147 0‘3154]
0.7357 —0.0251
y// -
(00" —[—0.0251 0.9976]

The minimum eigenvalue for each measurement set is, respec-
tively, 0.2024, 0.0643, and 0.7333. From these calculations, it
follows that according to the maximum angle criterion, option
Il is the optimal one because it maximizes the minimum
eigenvalue. From the relationships between angles, singular
values, and eigenvalues, we find the maximum angle to be

cos 0 = V/)\l-(QQT) = 0.8563

The improvement obtained in the quality of the estimation
can be computed from Eq. 25 as follows:

If @ and b are two possible choices of sensor placement with
maximal angles 6, and 0,, respectively, the distances in the
worst scenarios (maximal angles) would be related as

d, cos@6,

d, cos#,

In our example, the uncertainties in the estimation between the
optimal and worst options (/II and II, respectively) in their
worst scenarios can be related as

dy  /0.0643
N = .2961
dy \/0.7333
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which implies a potential reduction of the estimation uncer-
tainty of more than 70% with respect to placement II. As
pointed out earlier, such an exhaustive search is not suitable for
high dimensional spaces. In these situations, an alternative
numerical method is proposed that takes advantage of the
algebraic structure implicit in Eq. 28. The algorithm is based on
the following observations:

(1) In Eq. 28, the effect of PL on ®" is that of deleting
elements of the basis vectors ¢; at the positions where the
columns of P,, are zero. In the example considered, the optimal
placement P’ deletes the first components of ¢, and ¢, to
produce a Q matrix of the form

0.5011 0.6961 (1) g
—0.8274 0.5595 0 1

_[0.5141
= 10.0490

[ 0.5011 0.6961
| —0.8274  0.5595

(2) The scalar products of the resulting subvectors P,,¢; are
the diagonal elements of QQ". In our case, the diagonal ele-
ments in the matrix QQ7 become

, [0.5011% + 0.69617
0 = [ 0.8274% + 0.55952]
The eigenvalues of matrix QQ” are located inside circles cen-
tered at the positions given by the diagonal elements [Gersh-
gorin disk theorem (Golub and Van Loan, 1996)] with radii
satisfying

ri= > (00", (33)

J#Fi

(3) When the radii are much smaller than the diagonal
elements (denoted as s;), problem 30 approximates that of
maximizing the minimum diagonal element. Formally, this is
written for our example as

max min(s,, s,) (34)
Pu

This assertion is trivially satisfied when the dimension of the
space of measurements equals the dimension of the elements of
the basis because, by orthonormality, the off-diagonal elements
are zero. Of course, in this case, all eigenvalues are centered at
position 1. However, as the number of measurements de-
creases, the resulting subvectors P,,¢; will no longer be or-
thonormal, which translates into nonzero off-diagonal elements
in QQ". In this context, the solution of problem 34 can be
interpreted as seeking for the “nearest to” orthonormal set of
m-dimensional subvectors P,,¢;. Moreover, as it will be shown
in the next section, condition 3 can be quite possibly justified
whenever the locations are such that s; =~ s; for all possible i,
basis elements. Next we use the previous example to give an
outline of the proposed guided search algorithm. A formal and
general description is left for the next section.

To find the operator P, that maximizes the minimum diag-
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onal element of QQ7, we first compute for each ¢, a vector o,
with elements being the square of the elements in ¢;; that is, o
= [(¢D3, ..., (D)2, ..., ($)21". In our example these
vectors are

o, = (0.2643  0.2511 0.4846)

o, = (0.0024 0.6846 0.3130)

The elements of these vectors are now sorted in decreasing
order so that for o, and o, we have, respectively,

(0.4846 0.2643 0.2511)  Indexn)’=(3 1 2)

(0.6846 0.3130 0.0024) Index " =(2 3 1)

where the vectors 1{"’ and 75" are used to store the original

indexes (sensor locations) of the elements. With these prelim-
inaries, search now proceeds by iteratively constructing se-
quences {1¥} for each basis element i so that the m-summa-
tions s of the elements in o; are nonincreasing; that is, s+ 1
= s for every k. In our example, m = 2 and the nonincreas-

ing sequence for the first basis element is

s\D(=0.4846 + 0.2643) = 0.7489  IndexnmV =(3 1 2)

s9(=0.4846 + 0.2511) = 0.7357  Indexn® =3 2 1)

s9(=0.2643 + 0.2511) = 0.5154  Indexn® =(1 2 3)
The same procedure is repeated for the second basis element,
thus resulting in a sequence {n$°} for k = 1, 2, and 3. Figure
2 shows all possible placements for this example on the space
of m = 2 summations 2 = (s,, s,) for each basis element. The
corresponding index vectors associated with each possible sen-
sor locations are also indicated along the summation axes. At
iteration 1, we compute n{" and m%", their corresponding
summations 2{" and 2" (see Figure 2) and the value

LY = max[min(E), min(EL)]

which in this case is L" = 0.7357 and corresponds to locations
SV, This value is an approximation to the solution of problem
34 and will be used in the next iteration to select only those
sequence elements that satisfy L® = L%, The procedure is
then repeated until no sequence element exists that improves
the previous best max—min value. This is illustrated in Figure
2, where after the first iteration, n(,z) is the only sequence
element that could improve L™, and in fact coincides with the
best previous value at point 5", Therefore, this is the solution
to the problem that coincides with that resulting from an
exhaustive search.

Algorithm to select the optimal placement

Before proceeding with the formal description of the algo-
rithm we note that, as pointed out in the previous section,
problem 30 reduces to the much simpler statement

1444 July 2004 Vol. 50, No. 7

P!
50 = (0.7357,0.9976)
1)
2
IO «-
2)
m
® o
7 £ =(0.7489,0.3154)
(3) l 2) O] l
1 771 1 771 Sl
¥
L(l)

Figure 2. Structure of the search space for Example 1.

Dots indicate all possible solutions. The shadowed rectangle
indicates the region where solutions better than L" cannot be
found. This bound reduces the number of sequence elements
to be computed in the next iteration.

max min(sy, ..., ;) (35)
Pn

whenever condition 3 applies. sy, . .., s; in Eq. 35 correspond
with the diagonal elements of the matrix QQ” = ®*PTP &, of
the form

S = E (d>]j)2

J=1

Sk = E (d)kj)z

J=1

The relationship between Eq. 30 and Eq. 35 holds not only as
m approaches n, but also for a given m, as long as s; ~ s; for
all possible i, j elements of the basis set. This can be shown by
noting that for a given P,,, each off-diagonal element (QQ7);
can be expressed as

m
—
E (padi) = cos 6; \S:S;

k=1

where 0; is the angle formed between subvectors ¢;" and ¢7",

with ¢7" = (¢,,, . . ., ¢;,,). From this expression, the following
bound on |cos ;| can be obtained
2 (ud)l €
cosf|l=—— = 36
| j| ’st \/]STSJ‘ ( )
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Coye of small Qershgérin disks

R
Figure 3. The search space for optimal placement.

Circles denote possible sensor configurations in the updated
feasible region (shadowed rectangle). The cone sector bound-
ing the diagonal indicates the region of small Gershgorim

disks. If a solution [s9", s57] exists in this region, this solution

will be the optimal one for both problems 30 and 35.

where the righthand side of this inequality is a function that
achieves its minimum value for s; = s;. Thus solutions P,, of
Eq. 35, which in addition lead to s; ~ s; for all possible i, j
ensure that the radii of the corresponding Gershgorin disks will
be small, thus allowing problem 35 to be a good approximation
of problem 29 or 30. This situation is represented in Figure 3.

Algorithm description

For each element ¢; € R" of the set S, let us consider the
vectors o; = [(d)7, ... (67, ..., (¢, I, = [1:n] (see
Appendix B for notation summary) and an index vector n; €
Z" with elements being elements of /.. In addition, we define
the operator J(a;, 1) as that which computes the summation of
elements in o, with indexes [(1),, . . ., (0),,]”. Using standard
compact notation this is written as

(o, m) = sum[o(n)]
s; = (o m)
For a given sequence of index vectors {n®} we also have
S0 A" = {0, 07} = {s{”}
A point X in the k-summation space is obtained as
2(n, Sy = [S(op ), ...

- (o )]

E(T” SI\) = [Sl’ R ] sk] (37)
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In the same way, a sequence of points is obtained by applying
Eq. 37 to a sequence {1} so that

2@ 8 = [S(an '), ..., S(ow {n'7H]

2({n'7} S0 = {20, S} = {27}

A nonincreasing sequence of r index vectors {n‘”’} is defined
as that which satisfies

S(o-i’ "’lfp)) = ‘\;‘S(O-i’ nz(‘pil))

forp=2,...,r
Conditional sequences {n{”’},,., are defined as nonin-
creasing sequences which for every p = 1, ..., r satisfy

sup(a, ¢) = J(o,, ") = b (38)

c=(a;, 7" forj=1,....kj+#i (39)

If either Eq. 38 or Eq. 39 does not hold for everyp =1, ...,
r, the sequence is empty; that is, {nﬁ-”)}[a,byc] = (. A condi-
tional sequence { 1"}, is incomplete if there exists some
¢ & {M”} .. satisfying either Eq. 38 or Eq. 39. If not, the
conditional sequence is complete. A method to compute com-
plete conditional sequences is presented in Appendix B. Using
these definitions, the algorithm is summarized as follows:

Initialization

Set up positive numbers a, L, and {L,} for every i = 1,
<o kas L = max, (o, my).

Iteration step (from € = 0)

1. For a given integer €, set up positive numbers L and
define for each i, intervals [L;, L,] with L, = L, — ¢
2. Foreachi=1,...,k

3. Compute the complete conditional sequence {n{”}, L.2,00]
(see Appendix B) and its corresponding sequence of points
{ > } (LLLO)

4. Compute L; = max,{min[Z{”], . .., min[Z{”]}, 7 ;)

5. If L, L© store current p, set up L'© = L, and go to step 2
for the next i up to k
6. If L = L; for some j = 1, ..., k, stop along j
7. If step 6 holds for every j = 1, ..., k, save solution p, nﬁ”)
and terminate. If not, set LD = L©, Z,» = L, forevery i #
J,and goto step 1 with € = € + 1
Remark 2. Note that an alternative, although suboptimal,
approach to problem 35 can be produced by selecting for each
j = 1, ..., m the location that maximizes the minimum
summation (s, ..., s;) (see Alvarez et al., 1981). The algo-
rithm steps can be summarized as follows:

1. Setupj=1,m=[],K=1[1:n]
2. Find some k € K such that
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max mjn[?s (o3, k)] (40)

k i

3. Store k in m so that n = [n, k]

4. Set K = K/k (that is, delete k from K), j = j + 1, and go to
step 5

5. If j = m stop; otherwise, go to step 2

This approach, which we will call sequential, will be compared
in the next section with the one we have presented here.

Case Studies

In this section, the different features of the proposed tech-
nique are illustrated on two case studies involving diffusion
and diffusion—-reaction processes. The first example concen-
trates on the algorithmic aspects of determining sensor place-
ment, whereas the second example will serve to explore the
effects of sensor placement on the performance of the dynamic
observer (Eq. 21) for field reconstruction.

Diffusion process

Let us consider the set S, = {¢;}~, as the one defining a
two-dimensional subspace that captures the most relevant dy-
namic features of a given diffusion process. Note that, although
larger dimensional subspaces are usually required to provide a
fairly accurate description of this type of processes, the two-
dimensional structure is preserved here for illustration pur-
poses. In this example, the elements ¢, correspond with the
eigenfunctions of the one-dimensional Laplace operator, satis-
fying the following equation

Ap=—Ad

on the one-dimensional compact domain x € (0, 1) with
boundary conditions

$(0) = ¢(1) =0

The solution of this problem results in a set of eigenfunctions
of the form

dix) = \,E sin(7rix) fori=1,...,00 41

A plot of the first two eigenfunctions in presented in Figure
4. The algorithm described in the previous section is used to
determine, according to criterion 35, the best possible measure-
ment locations for sensors sets ranging between 5 and 15, on a
discretization basis of 32 points. The intermediate points X
attained by the search algorithm in the 2-summation space, and
the corresponding minimum and maximum eigenvalues of the
QQ" matrix, are presented in Figure 5. Note that as search
proceeds and the diagonal elements become closer, points are
reached (and thus sensor arrangements) with nearby eigenval-
ues that correspond to “nearest to” orthonormal set of m-
dimensional subvectors P,,¢;, as discussed earlier. The spatial
placement of sensors producing such subvectors are depicted in
Figure 6 for different sets of available measurements.
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Spatial coordinate

Figure 4. The first two eigenfunctions (¢,, ¢,) for the
diffusion example as a function of the position.

A Nonlinear Convection-Diffusion-Reaction
Process

In this example we consider the problem of concentration
and temperature reconstruction on a nonisothermal tubular
reactor from a limited number of sensors. The system is de-
scribed by the following set of partial differential equations
(Antoniades and Christofides, 2001b) defined on a spatial do-
main z € (0, 1)

C,= 6C+ A C 42
A I P AC,T) (42)
T, = 8T+ ! aZT-i-B C, 7+ T 43
t az PeTaZZ Tf( ) ) BT( c 7‘) ( )

where C and T stand for concentration and temperature, re-
spectively, in deviation form with respect to a stationary state.
T. corresponds to the temperature of the cooling medium and
f(C, T) represents the reaction term, of the form

¥yT
AC, T) =B1 + C)exp(m,>

The parameters used in the simulation are taken from Anto-
niades and Christofides (2001b), with values
Pe.=7.0

B.=0.1 y=100

Pe,=17.0 B; =125 Br=2.0
The reactant at the output stream is assumed to be recycled to
the feed stream at a ratio r, which results into the following

boundary conditions at z = 0

J9C
97 Pe (1 — r)Cy + rC(1, 1) — C(1, 0)]
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different numbers of sensors.
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Figure 6. Optimal sensor arrangements for different
number of available sensors.
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Figure 7. Snapshots produced by direct numerical sim-
ulation of the nonlinear diffusion-convection
reaction system (Egs. 42 and 43).

(a) Concentration evolution; (b) temperature evolution.

The corresponding boundary conditions at z = 1 are

JdC 0T
0z  dz

Operating at C, = T, = T, = 0 with a recycling relation r =
0.5, the reactor exhibits oscillations as illustrated in Figure 7.
The set S, is constructed as the POD basis associated with the
discrete version of the two-point correlation kernel (Eq. 3),
described earlier in section 2 (see also Holmes et al., 1996).
The snapshots used are depicted in Figures 7a and 7b for C and
T, respectively. Each snapshot consists of the values of con-
centration and temperature at a given time taken at 16 equally
spaced positions in the domain, and ordered sequentially in a
vector u = (C”, T")". The energy captured by the first 11 modes
(Eq. 14) is plotted in Figure 8, showing that three POD basis
functions are enough to collect more than the 99.9% of the
energy (Eq. 14), thus capturing most of the relevant dynamic
features of the system. The selected POD basis is depicted in
Figure 9a for concentration and Figure 9b for temperature.
For the selected basis set and different numbers of pos-
sible given measurements (m values of 6, 8, 10), sensor
placements satisfying Eq. 35 were computed with the algo-
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Figure 8. Energy captured by the low-dimensional set as
a function of the number of PODs chosen.

Note that three PODs are enough to capture more than 99.9%
of the energy of the system.

rithm described earlier in section 4. Figure 10 represents, for
the different number of sensors available, both the values of
the diagonal elements of matrix QQ” and their correspond-
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02
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0.05

POD 2
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015 POD 1
0.2
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Concentration POD's

2 4

0 02 0.4 06 0.8 1

Spatial coordinate

(9b)

Temperature POD's

0 0.2 04 0.6 0.8 1

Spatial coordinate

Figure 9. The first three PODs functions chosen in ac-
cordance with the energy criterion.

(a) Concentration part of the discretized PODs functions. (b)
Temperature part of the discretized PODs functions.
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Figure 10. Intermediate points (diagonal elements) in the
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responding maximum and minimum QQ” eig-
envalues (dotted lines) for the nonlinear con-
vection-diffusion-reaction example, as a
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Figure 11. A comparison of the maximum and minimum
QQ eigenvalues, for different number of sen-
sors, obtained by (A) optimal solution of
problem 35, (B) sequential approach as sug-
gested in Remark 1, and (C) maximization of
the trace of QQ".
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Figure 13. Concentration and temperature evolution
profiles for the nonisothermal chemical reac-
tor in response to temperature fluctuations in
the fresh reactant feedstream (the range and
shape of the fluctuation are depicted in Fig-
ures 14 and 15, respectively).
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Figure 14. Evolution of the real and the estimated first
three modes under temperature input fluctu-
ation and eight available sensors.

Mode estimation is obtained from the observation scheme
(Eq. 21) with gain computed as in Theorem 1. Solid lines
represent the evolution of the real modes and modes esti-
mated from sensor arrangements (A). Dotted lines represent
the evolution of modes for sensor arrangement (B).

ing minimum and maximum eigenvalues obtained as a func-
tion of the iteration number. The arrangements obtained
(presented in Figure 12) are compared in Figure 11, in terms
of the maximum and minimum eigenvalues of the resulting
QQ7 matrix, with other selection techniques suggested in the
literature (see Alvarez et al., 1981). Two techniques were
considered: on the one hand, a sequential approach to prob-
lem 35 described as a remark at the end of section 4 (Eq. 40)
and represented in Figure 11 as B. On the other hand, a
selection procedure based on the maximization of the trace
is associated with matrix QQ” and denoted by C. As may be
seen in the figure, the approach suggested herein is able to
identify sensor arrangements with minimum eigenvalues
much larger than those obtained through procedures B and
C. In accordance with the discussion in section 3, this would
imply better estimation properties both at the static and the
dynamic levels. To confirm this fact, observation experi-

1449



0
=}
o
02 %
o 2 (153)
E] ; 04l
E e
g , 2
- ; 06 8
P9 . o
£ i :
H 08 &
i -]
i 4
i |4 £
10 12
0 5 10 15 20 25
Time
202
o (15b)
! 8
YR
: "3
s 0.4 %
= E
c 06 @
2 @
3 £
w 08 §
H
-1 £
-+ 1.2
5 7 0.2
1 (15¢)

|
&
S

Third C value
~
S
>

Input temperature fluctuations

-
=
-

V

Time

Figure 15. Evolution of the real and the estimated first
three modes under temperature input fluctu-
ation and eight available sensors.

Mode estimation is obtained from the observation scheme
(Eq. 21) with gain computed as in Theorem 1. Solid lines
represent the evolution of the real modes and modes esti-
mated from sensor arrangements (A). Dotted lines represent
the evolution of modes for sensor arrangement (C).

ments were carried out with these three possible arrange-
ments. The system, in these experiments, was perturbed by
a fluctuation in the fresh feed stream temperature. The
distribution of temperature and concentration under such
perturbation is plotted in Figure 13 (the class of perturbation
introduced in the system is represented in Figures 14 and
15). The evolution of the first (dominant) true c-states and
the ones estimated with the proposed observation scheme
(Eq. 21), but different arrangements, are presented in Fig-
ures 14 and 15. As illustrated there, the ability to dynami-
cally observe the dominant modes of the system is to a large
extent conditioned by the type of sensor arrangement. In this
way, the criterion proposed herein induces a very acceptable
observer performance as compared with the alternative se-
lection criteria (especially the criterion based on maximizing
the trace).
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Conclusions

In this communication we presented a systematic technique
to solve the sensor placement problem by taking advantage of
the time scale separation properties of dissipative systems
(leading to low-dimensional long term dynamics) as well as
notions related to the angle between subspaces.

First, a low-dimensional representation of the solution asso-
ciated with the original distributed system is obtained. Then,
sensors are chosen so that the measurement subspace has the
largest possible minimum angle with respect to the low-dimen-
sional subspace where the state resides. A guided search algo-
rithm was proposed to this purpose. The resulting sensor con-
figuration was seen to be advantageous in reconstructing the
field from a limited number of available measurements. The
main ingredients of this methodology were illustrated on rele-
vant examples involving diffusion and nonlinear diffusion—
convection—reaction processes.
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Appendix A
Theorem 2 Let the system

c,=Ac + f(c)

v, = Q'c (AD)

be such that: [|A]| = maxy_ JAx| = e, [[f(c)) = f(co)| = B,

— ¢,|| and
A= Q00" = M (A2)

The observer (Eq. 21) with Q = P~'Q, and P being a
symmetric, positive definite matrix satisfying

(A+ al)’P + P(A+ al) = Q0" (A3)

with0 < m < 1and a > a, + BAJ(1 — MA,], will make the
states ¢ — ¢ at an exponential rate proportional to MA,.

Proof: First, note that the error between the estimates and the
states € = ¢ — ¢ evolves in time as

e, = (A= P'Q0"e + flc) = f(0)

The proof is made in the following steps:

1. Construct a symmetric matrix P as
P= f e*(AJraI)'tQQTef(AJr(xI)’dt
0

The matrix P is positive definite, given that QQ7 satisfies Eq.
A2. It is also bounded because the differential system y, = —(A
+ al)y is exponentially stable for any a > «,,. In fact, given an
arbitrary vector y,, the quadratic form yJ Py, is bounded as

A
T - u T
YoPyo = 200 — ay,) YoYo

By cons}ruction, P also satisfies Eq. A3: Let H(t) =
e AT QT (AraD! - differentiating H and integrating
over time in the interval (0, %), we obtain
dH = —(A + ol)TH(t) — H(H)(A + o))
—H@O)=—(A+ al)’"P — P(A + al)
and

AIChE Journal

(A+ a)’™P + P(A + al) = Q07

2. Construct a Lyapunov function V = &”Ps and compute its
time derivative

V,<e"(AT— QQ"P") Pe

BA.

€&

+&e’P(A - P7'QQ0Ne +

oa— a,

Adding and subtracting the term 2ae”Pe, and using Eq. A3, we
obtain

V,<e"(AT+ al) Pe + e"PT(A + al)e

BA,
_ T, _ T, T
2eQQ'es — 2ae 8+a_ams €
BA,
V,= —e0Q"e — 2ae"Pe + a—a, ele
BN 1,
VtS—)\,—a_amss (A4)

On the other hand, because a > «,,, + BA /(1 — MA/]

and inequality A4 becomes
V.= —mAe'e

Finally, the result follows by making use of the well-known
Gronwall-Bellman lemma (Khalil, 1996) to obtain

llell* = yillzof*e ™™
where <y, is an arbitrary constant.

Appendix B

To compute complete conditional sequences {ng”’}[a,bgc],
we start with a brief summary of an alternative notation for
matrix and vector manipulation that will help us to simplify the
algorithm description.

An index vector a = [i:j] with i < j is the sequence of all
ordered integers between i — 1 and j + 1. Using this definition, we
will represent any n X m matrix A by a pair of index vectors [1 : n]
and [1:m] as A([1:n], [1:m]). Whenever n and m are known
explicitly or by the context, we will also use the short form A(:, :).
If b € Z" (with r < m) is an arbitrary vector of given integers not
larger than m, then A(i, b) is a row vector with elements taken
from the ith row of the matrix A at the columns given by b.
Brackets “[ ]” will be also used to construct new vectors and
matrices so that if A and B are n X m and n X k matrices,
respectively, then C = [A, B] is the corresponding n X (m + k)
row block matrix with A and B as elements.
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In addition let us include the following definitions:

(1) Sorting operations i = ©(u) over an arbitrary vector u €
R" are defined as those that give the sequence of indexes that
sorts the elements of u in decreasing order. The equivalent in
increasing order is denoted as —i.

(2) Given a vector u € R" and an integer index matrix A €
7%, with elements not larger than n, the operator N = (u, A)
is defined as that which computes a matrix N with elements
being elements of u in the order given by A, that is

ulA(1, [1:s])]
N(u, A) =
ulA(r, [1:s])]

(3) Given a matrix A € R, with A(i, j) = A — 1,j + 1)
foralli=2,...,r—1l,andj = 2,...,s — 1, the operator
u = A(A) (where u € R""*7 1) is defined as that which extracts
the antidiagonal elements of A.

The algorithm to compute conditional decreasing sequences
is based on the following simple fact:

Given a vector o € (R")", an index vector n € Z" with
elements taken from I = [1 : n], and an integer m with m < r

< n, then all possible r-sequences of m elements ('}, with
n' P € 7" satisfy

a={3(a, ")} =b
with
b =2(o, i([1:m]))
a=3(o, —i([1:m]) (BI)

and i = S[a(n)].

In what follows, and without loss of generality, we summarize
the algorithm employed to compute a complete conditional
sequence {M{”},p.cp With mi” € Z”, for two given n-
dimensional vectors (n m) o, and o, with positive real ele-
ments.

Algorithm description

1. Construct the (n — m + 1) X m matrix N = N[S(0y), T,
with T defined by the following expression

2 3 ' m+1
r= ; : ;
n—-m+1 n—m+2 ... n

2. Setup!=n—m + 1, amatrix M = [(J] and set up integers
r=1,s=1.

3. For given integers r (with 1 =r=m — 1) and s (with 1 =
s = [) construct a matrix M, as

N(s,[1:r])
N(s:Il,[r+1:m]

M= :
N(s,[1:7r])

and compute

N, = N[0, M) N, = N[0y, M7

u, = ANG, [r+1:m])] uy, = AN, [r+ 1 :m])]

iy = ©[u] i, = ©[u,]

4. Compute bounds as in Eq. B1.

b, =(uy, iy([1:m—r]) +3IWN,(1,[1:7]), [1:r])

a, = J(uy, =i, ([1:m—r]) + IWV,Q,[1:7]),[1:7])

e = Suy, ([T :m —r]) + IWN,(1, [1:r]), [1:r])

o [fc,<corb<asorb,<asetups = s + 1 and go to
step 3. If not, setup M = [M, M‘;]T,N =M,ands =s + 1 and
go to step 3.

o [fs=1[setupN=Mandr=r+ 1and go to step 3.

e If r = m — 1, stop. Matrix M will contain as rows the
complete conditional sequence {1{"’}, .-
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